We prove a variational principle for geodesies on a Lorentzian manifold M. admitting a timelike Killing vector field. Using this principle and standard techniques of global nonlinear analysis we establish the existence of geodesies that join two fixed points of .M, under a suitable coercivity assumption on M. Whenever M is non contractible, we also get a multiplicity result for geodesies in M. joining two fixed points.
Introduction.
In this paper we consider the problem of the existence of geodesies that join two fixed point in a Lorentzian manifold.
We will make a symmetry assumption on the metric of our Lorentzian manifold. Namely, we will assume that our spacetime possesses a 1-parameter group of (local) isometries, whose infinitesimal generator is a timelike vector field. Heuristically, this amounts to say that the coefficients of our Lorentzian metric tensor are invariant by time translation (see Lemma C.l), and so our manifold is stationary with respect to a given observer field. Such a vector field is used to prove an alternative variational principle for geodesies, and this principle allows to reduce the search of geodesies to the study of the critical points of a smooth functional which is bounded from below.
The class of stationary Lorentzian manifolds is reasonably large, and it contains examples that can be considered interesting both from a physicist's and from a mathematician's point of view. Among others, we would like to recall here the Schwarzsehild space-time, the Reissner-Nordstrom spacetime and the Kerr spacertime. We refer to [9] for a detailed description of the mentioned examples and their physical interpretation.
Martially supported by MURST Supported by CAPES, Processo AEX1697/96-0 Before stating the main results, we recall some basic notions of the Lorentzian geometry. The books [4, 9, 11, 13] are excellent references for a complete account of the theory and for all the background material assumed in this paper. A Lorentzian manifold is a smooth, finite dimensional manifold M, equipped with a (0,2)-tensor g of index 1. The bilinear form 9( z ) ['i'] on T Z M will also be denoted by {•, •) in the rest of the article. The points of the manifold M will also be called events.
A vector v e T Z M is said timelike (resp. lightlike, spacelike) if (v, v) is negative (resp. null, positive)', v is called causal if it is not spacelike.
A Lorentzian manifold is said to be time-oriented if there exists a continuous vector field Y on M such that Y(z) is timelike for all z e M. A timelike vector field defines the past and the future of a point z in M: a causal vector v 6 T Z M. is said to be future pointing (resp. past pointing) if (v,Y{z)) is negative (resp. positive).
Moreover, a timelike vector Y field on M allows to define a Riemannian metric <7( R ) on M. by setting:
(i.i)
t^Y{x))^Y{x))

0(R)(*)[Cl,C2] = <Cl,<2}(R) = <Ci,C2> -2-(Y(x),Y{x))
for every x € M and every (1,(2 € T X M (see [1] ). Notice that, for every C € T Z M, it is:
(1-2) <C,C)(R)>I(C,C)|.
A Lorentzian manifold M is said to be stationary if it admits a time orientation given by a Killing timelike vector field Y. We recall that a vector field Y on M is a Killing vector field if the Lie derivative Lyg of the metric tensor g is everywhere vanishing. Equivalently, Y is a Killing vector field if and only if the stages of all its local flows are isometries, i.e., if the metric tensor g of M is invariant by the flow of Y.
A smooth curve z : (a, b) \ -> A4 is a geodesic if it satisfies the differential equation:
where V denotes the covariant derivative relative to the Levi-Civita connection of the metric tensor g. Given an absolutely continuous curve z and an absolutely continuous vector field £ along z, whenever there is no danger of confusion we will denote by V S C the covariant derivative of £ along z, defined for almost all 5.
We also denote by V (R) the covariant derivative of the Levi-Civita connection of the Riemannian metric tensor g^R ) .
The geodesies in M are stationary points for the action functional /:
(1- It is well known that if z is a geodesic in M., then there exists a constant E z such that: ( 
1.5) (z(s),z(s)) = E Zi Vs.
A geodesic z is said to be timelike (resp. lightlike, spacelike) if E z is negative (resp. null, positive).
In this paper, we will often use the following well known characterization of Killing vector fields (see [13] This implies that, if Y is Killing, then for every geodesic z in M the quantity (z,Y(z)) is constant. We express this fact by saying that (z,Y) = constant is a natural constraint for geodesies. Our variational principle for geodesies is based on this conservation law. For some results concerning the structure of Lorentzian manifolds admitting a Killing vector field see e.g. [16] and the references therein.
A Lorentzian manifold M is said to be geodesically connected if, given any two points p, q G JM, there exists at least one geodesic z in A4 with endpoints in p and q. The geodesical connectedness for Lorentzian manifolds is a problem much more delicate than in the Riemannian case, where the Hopf-Rinow theorem gives basically a full answer to the problem. To convince the reader on this point, it suffices to point out that there exists compact Lorentzian manifolds that are not geodesically connected (see for instance [5, 15] ). Even the geodesic completeness does not imply the geodesical connectedness for stationary Lorentzian manifolds; a counterexample is given by the pseudosphere S™ of index 1 (see [4] ).
The main result of this paper is the proof of the geodesical connectedness for a class of stationary Lorentzian manifolds, described by intrinsic assumptions.
Before stating our main results, we need the following definition. Let p and q be fixed points in M, and consider the set of C 1 -curves in M joining p and q and such that (i, Y) is constant: In particular, if the hypotheses of Theorem 1.2 are satisfied for every pair of events (p, g), then M is geodesically connected.
A class of examples of stationary Lorentzian manifolds satisfying the hypotheses of Theorem 1.2 will be presented in Appendix A. In Appendix B we show that, if / is pseudo-coercive on C p^q for every pair of points, then M is globally hyperbolic. Moreover, we give an example to show that the global hyperbolicity in general does not imply the geodesical connectedness of stationary manifolds.
Observe that the assumption that Cp i9 be non empty is non trivial. Indeed, it is in general not satisfied, as the following examples shows. If M is non contractible, we prove the following multiplicity result for geodesies joining two given points.
We recall that a vector field W on a differentiable manifold A4 is said to be complete if its flow lines are defined on the entire real line.
Theorem 1.3. Suppose thatCp^ is non empty and that f is pseudo-coercive in Cp^q. Then, if Y is complete and M is non contractible there exists a sequence {z n } ne of spacelike geodesies between p and q in M such that:
lim f(z n ) = +00.
n->oo
We also prove a multiplicity result for timelike geodesies. We introduce some notation needed to state it. Suppose that Y is complete. Then, for every point q e M, we denote by 7 g : R 1-> M the maximal integral curve of Y satisfying 7^(0) = q. The curve 7g(£) is interpreted as the worldline of an observer through the event [6] and [8] , where it was assumed that M. had a global space-time splitting. Our intrinsic coercivity condition is more general than the one used in the above mentioned papers (see Appendix A).
We would also like to point out that, to avoid lengthy computations, in this paper we have omitted to treat the case of a subset with convex boundary, as it was done in [8] . Nevertheless, also this case can be treated using our intrinsic estimates and the penalization argument of [8] , and it is not too difficult to prove that the results of Theorems 1.2, 1.3 and 1.4 remain true if one replaces M with an subset of M with smooth convex boundary.
The paper is organized as follows. In Section 2 we introduce our analytical framework and in Section 3 we prove a variational principle for geodesies in stationary manifolds, with the introduction of the Hilbert manifold A/^, which is the completion of C M with respect to the iJ 1 ' 2 -norm.
In Section 4 we show the boundedness properties of the functional J, which is the restriction of the action functional / to A/^, whose critical points are geodesies in M. In Section 5 we prove the Palais-Smale condition for J, and using classical techniques from Critical Point Theory we derive the proof of Theorems 1.2 and 1.3. The problem of the multiplicity of timelike geodesies is studied in Section 6, where we prove Theorem 1.4. Finally, we present three Appendices to the work. In Appendix A we give some examples of manifolds that satisfy the assumptions of the theorems proven in the paper. In Appendix B we discuss the relations between the pseudo-coercivity of / and the property of global hyperbolicity for M. An example is given to prove that the global hyperbolicity does not yield the geodesical connectedness for stationary Lorentzian manifolds. This was the motivation for strengthening the property of global hyperbolicity with our c-precompactness condition. In Appendix C, for the sake of completeness, we collect a few elementary facts about the local structure of stationary Lorentzian manifolds that were used in the course of the paper.
The Functional Framework.
We use the auxiliary Riemannian metric (1.1) to define the main spaces of our functional framework. We denote by dist(-, •) the distance function on M x M induced by g (R) . We assume that Y is a smooth timelike vector field defined in M.
9
Let p and q two arbitrarily fixed points in M. We will denote by ttp] q (M) the space of iJ 1 ' 2 -curves in M joining p and q:
It is well known that ttpq(M) is an infinite dimensional Hilbert manifold
9 19
(see [14] ); for z e ftp] q (M) the tangent space T z VL p \ q may be identified with the space of HQ -vector fields along z: Observe that T z Qp]q is a Hilbert space with respect to the norm:
For r > 1, we will denote by I/QO, 1], TA^) the set of all r-integrable vector valued functions on [0,1] with values in TM:
IICIk=(^(C(^C ( 5 ) We say that a sequence Cn in i/([0,1], M) tends to 0 if ||Cn||r converges to 0 as n goes to infinity.
9
The action functional f on Qp^M) is defined by:
observe that, by (1.2), it is |(i,i)| < (i,i) (R) , hence the integral in (2.2) makes sense for z G £lp\ q (M) . The action functional is smooth on Qp%(M), and its differential is given by:
Its critical points are smooth curves that satisfy the equation (1.3), hence they are geodesies.
We write / as the sum / = /i + /b of two smooth functionals defined on fiJi? by:
Using the wrong way Schwartz's inequality, it is easy to see that fi(z) > 0 for all z G Qp]q. Observe also that fi is the energy functional relative to a sub-Riemannian structure defined on y-1 , the orthogonal distribution to the vector field Y .
We denote by W the distribution on the manifold £lp\q{M) consisting of vector fields parallel to the timelike vector field Y:
Since Y is smooth, it follows immediately that W is a smooth distribution 
Finally, we introduce the space N v , q (M) of curves 0 in £l>p\q(M) such that the the inner product (i, y) is constant:
Observe that the curves in N^q have less regularity of the curves in C p , q . Using standard arguments in Sobolev spaces, one sees that the set C Viq is contained as a dense subset of Ap j<? . Thus, in the statements of Definition 1.1 and Theorems 1.2, 1.3, and 1.4 we can replace the space C M with N v , q . The reason for introducing the space Np, q is that it is the natural space for obtaining the Palais-Smale compactness condition for the action functional. The details of this fact will be discussed in section 5.
If Y is a Killing vector field, then J\f Vi q can be described as the set of curves z G £l p \q such that the derivative f , {z) vanishes in the directions of W:
is constant a.e., and we are done. D
We conclude the Section by proving a complementary result that shows that the space J\fp^q can be described only in terms of the functional /2.
The meaning of the following Lemma is that the functional /i, which is the energy functional associated to a sub-Riemannian structure on M, is really the spatial part of the action functional /. and
We compute the Gateaux derivative ^(^[C] ^ follows:
Jo
Considering that fi(z) = f(z) -g(z)
, from (2.8) and (2.9) we obtain the thesis. □ From (2.7) and Lemma 2.2 we obtain immediately the following characterization of the space Afp^:
The restriction of the action functional / on Afp, q will be denoted by J:
For c e R, we denote by J c the c-sublevel of the functional J in A/^:
We will show in section 3 that the set Af Piq has the structure of an infinite dimensional C 2 -manifold, and that the set of critical points of J section 4 we prove that, under the hypothesis of Theorem 1.2, the functional J is bounded from below on A/^.
3, A Variational Principle for Geodesies.
With the aim of proving a variational principle for geodesies, we need to show the regularity of the manifold Np, q . This is done in the next: Proposition 3.1. The set J\fp^q is a C 2 -submanifold offl.
1,2
Proof. By definition, it is
and so we can write J\fp,q as the inverse image: The map F of (3.1) is of class C 2 , and its Gateaux derivative is easily computed as follows:
where z € ilp\q, ( E T z Qp\q and V^Y(z) is the covariant derivative of Y along the vector field (. By a generalization of the Implicit Function Theorem (see Proposition 3.II.2 of [10] ), in order to prove that A/^ is a regular submanifold of Slp'J it suffices to show that the composite map: 
Proof. By the Implicit Function Theorem, T z N p , q is identified with the set of all £ such that F'^z)^] G Tp^C. Then, the thesis follows easily from (3.2) and the fact that Tp^C is identified with the set of constant functions on [0, 1] . □
Observe that, by (3.5), we also have:
As a corollary to Theorem 3.1, we get the following variational principle for geodesies on stationary Lorentzian manifolds: arbitrary £ 6 T z ilp; g and we search a function n € H 0 ' such that the vector field:
belongs to T z JV Piq . By Corollary 3.2, since Y is Killing, this means that fi has to satisfy the differential equation:
where C is constant. Since (Y, Y) < 0, we can solve explicitly (3.8) by setting:
-Jo (mm dr -Clearly, /x(0) = 0. Moreover, setting:
we also have //(I) = 0 and the proof is concluded. □
The Lower Boundedness Condition for J.
The aim of this section is to prove that, \l N v^q is c-precompact for some c > inf J, then the functional J is bounded from below.
For z 6 A/^g, we denote by C z the constant:
We start with a basic Lemma: We want to prove that C Zn is bounded. We assume, by the c-precompactness,
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that z n is uniformly convergent to a curve z G Slp\q. In particular, the sequence z n is eventually contained in a compact neighborhood V of z([0,1]). Using the local structure of stationary manifolds (see Appendix C), we can choose a finite number of local charts Moreover, we denote by u and /x two positive constants such that:
and we set:
We use these coordinates and, for n sufficiently large and 5 G [dk-i, flfc], we write z n (s) = (xS(s),t*(3)) and Y = (0,1). Since (i n ,y) is constant, for 5 G [afc_i,a]fe] we have:
It follows that, for every /c, C 2n can be written as:
Observe that, for every n and fc, it is: In order to prove the Theorem, we need to show that the integral (4-6) r ^<x£,x*)od S is bounded for at least one value of k. We will indeed show that the integral (4.6) is bounded on n for every k. From (4.3), we compute as follows:
1*1 < A-
Substituting (4.4) in (4.7), we obtain:
From Schwartz's inequality, we have:
£^ds U£^. £1
and substituting in (4.9) we obtain:
Finally, summing (4.10) over fc, we obtain:
where E and F are easily computed in terms of /i, v, A, J^o and the a^'s. It follows that the integral (4.6) is bounded for all fc, which proves the Lemma. 
We are ready to prove the lower boundedness condition for J: Then, the functional J is bounded from below in J\fp, q .
K,q
Proof Let z n be a minimizing sequence for J in J c . By the c-precompactness, the image of all the £ n 's are contained in a compact subset of M. By the definition of g m , we have
The conclusion follows immediately from the fact that C Zn is bounded, as it was proven in Lemma 4.1. □ 5. Proof of Theorems 1.2 and 1.3.
In this section we will prove Theorem 1.2 and Theorem 1.3, using standard arguments for functionals satisfying the Palais-Smale condition.
We recall that if (X, h) is a Hilbertian manifold and F : X \ -> R is a C 1 -functional on X, then F is said to satisfy thePalais-Smale condition at the level c G M if every sequence {x n } ne C X satisfying: A sequence x n in X that satisfies (PS1) C and (PS2) C will be called a Palais-Smale sequence at level c for the functional F.
We will use the following notation. Proof. Let's fix c f < c and let z n be a Palais-Smale sequence at level c'. Arguing as in Proposition 4.3, we see that z n has a subsequence (denoted again z n ) that converges weakly to some z G fip^. We now use the fact that J'^Zn) is infinitesimal to prove that the convergence is strong. Let Cn € T Zn Q P l q be any sequence which is bounded in i/' 1 ' 2 ([0,1],TM)] recalling (3.7), we set where /x = /i n is given by (3.9) and (3.10), while C n G T Zn N p , q . From (3.9) and (3.10) it follows easily that also £ n is bounded in iT 1 We isolate the following Lemma for future reference: cj n -z n -a n .
From (5.7) we get that uj n is of class C 1 and that
The next observation is that the L 2 -norm ||a; n ||2 of u n is bounded, because ||i n ||2 is bounded and a n tends to 0 in I/ By the L 2 -convergence, a subsequence of (z n ,Y) converges pointwise to (z,Y) almost everywhere, which implies that (z,Y) is constant a.e., so z G A/^?g and the Theorem is proven. □
We prove now the completeness of the c-sublevels of J using the cprecompactness condition: Proof. It suffices to consider the c-sublevel. Observe that, since all the curves in J c lie in a compact set (Proposition 4.2), we can assume that M is complete with respect to the Riemannian metric g (R) . This implies that 1 9 Qp\q is a complete Hilbertian manifold. Let z n be a Cauchy sequence in J c . Then, z n converges to z in ftp\q^ and, up to passing to a subsequence, we have convergence pointwise almost everywhere of A well known result by Fadell and Husseini (see [7] ) states that, if M is non contractible, then the category of the space ^lp\q(M) is infinite.
We prove now that, if Y is a complete vector field, then there exists a smooth map 
H(a,s) = i>(x(s),a-<t>(s)),
in the same notations of (5.15). This gives a homotopy between x(-) =
H{0, •) and w(-) = H(l, •) € M m . D
In the notations above, we can define formally an operator:
where x 6 tlplq and w is the curve given by (5.15 
where the equality sign holds if and only if x G A/^^.
Proof The smoothness of J 7 follows easily from standard theorems on smooth dependence on the data for the ordinary differential equation (5.18).
The map J 7 is the identity on A/^. In fact, observe that, if (i, Y(x)) = C is constant, then </ > = 0 is the (unique) solution of (5.18), with (f)(0) = 0.
Then, .F(aO(-) = il>(x(-),0) = x(-).
The 
tp(x,t)[Y(x)] = Y(ip(x,t)).
Setting w = Fix) and we compute directly:
Integrating on [0,1], we obtain:
Holder's inequality tells us that (5.24) [Jo <r,y> ; In order to conclude the proof, we only need to show that J is unbounded from above in Afp^. From Proposition 5.9, it suffices to show that / is unbounded from above in Qp]q. To prove this, we use local coordinates as in, the proof of Lemma 4.1 (see also Appendix C). We assume, without loss of 
Multiplicity of Timelike Geodesies.
The purpose of this Section is to prove Theorem 1.4. We will assume henceforth that all the hypotheses of Theorem 1.4 are satisfied.
We will work with the spaces Np, lq (t), and, with a slight abuse of notations, we will denote by J the restriction of the action functional / on each of them. To avoid confusion, for every c, tG M, we will denote by J c nJ\f pn ^ the c-sublevel of the functional J in Af pn ^.
For all t G R, we define a map >Q between the spaces Mp tq and J\f p^ ( t ) as follows. 
So, the quantity (6.3)
C w = (w,Y) = C x + t-^ -^yj is constant and £t(x) E Np, lq (t)'
The map Ct satisfies the following properties:
Proposition 6.1. Let t be a real number and Ct : J\fp, q \ -► Np, lq (t) be the map described above. Then, the following are true:
(1) Ct is a bijection;
(2) Ct is a map of class C 2 ;
Proof. For part (1) it is enough to observe that, since 7 7g (*)(-*) = V an d the quantity (Y, Y) is constant along the flow lines of Y, then the map
is an inverse for Ct.
For part (2) , observe that, from (6.2), fa depends regularly on x.
For part (3), we denote by w = £t(x). Using (6.2) and (6.3) we compute J(w) as follows: In order to conclude the proof, it suffices to show that C w = C w (x,t) can be made arbitrarily large as \t\ -> +00, uniformly in x. This follows immediately from (6.3), that gives:
D
We can now prove Theorem 1.4.
Proof of Theorem 1.4. Since .M is non contractible, a well known result of Fadell and Husseini (see [7] ) says that there exists a sequence {K n } n& of 1 2 compact subsets of Qp\ q such that:
n-»oo ^p,9
Let J 7 : fip^ i-^ A/^^ be the strong deformation retract described in Section 5, and consider the compact subsets of J\f Pjq :
Since T is an homotopy equivalence, then: cat^CKn) = cat n i,2(if n ) i-> +00. We denote by Ao = VT-1 the orthogonal distribution to the vector field VT on M. Equivalently, Ao is the integrable distribution on M given by the tangent spaces to the spacelike surfaces T = TQ. By (A.2), these surfaces are preserved by the flow of Y, hence AQ is a Y-invariant, integrable spacelike distribution of codimension 1 on A"!.
We now fix some notation needed to introduce the concept of spatial sublinear growth for vector fields on M.
We denote by E the spacelike hypersurface of M given by T _1 (0); we denote by ds the Riemannian distance function on E induced by the restriction of the metric of M on E.
Since E intersects exactly once the flow lines of Y, then, for every point x e M it is well defined the projection P(x) of x on E, given by:
where j x is the maximal integral curve of Y through x. Finally, we introduce the spatial pseudo-distance function d^ on .M, given by: Thus, the results of [6] and [8] follow from ours.
We recall that a C 1 -vector field W is said to be irrotational if its curl vanishes on the orthogonal distribution of W. [13] ). In this case, the condition of spatial sublinear growth is automatically satisfied by Y by taking AQ = Y^. Remark A.5. We emphasize the fact that the Riemannian completeness for M assumed in Proposition A.3 is, in general, not related to the Lorentzian completeness, nor to the geodesical connectedness of M. Some examples that prove the logical inequivalence of these concepts may be found in [2, 3] .
B. Pseudo-Coercivity and Global
Hyperbolicity.
In this appendix we discuss some relations of the pseudo-coercivity property and the global hyperbolicity for .M. We recall the basic notions needed; our main reference for this part is the book by B. O'Neill ( [13] J+{p) = {qeM:p<q), J-{p) = {q : q < p}.
Finally, the manifold M is said to be globally hyperbolic if it is strongly causal and if, for every pair of points p, q E M the set J+(p) fl J~{q) is compact in M. Equivalently, if M is strongly causal, then it is globally hyperbolic if for every pair of causally related points p < q and every sequence z n of future pointing causal curves from p to q there exists a subsequence z nk which is uniformly convergent, up to a reparametrization.
Our pseudo-coercivity assumption implies the global hyperbolicity, as proven in the following: Proposition B.l. // / is pseudo-coercive on C Pjq for all pairs p,q in M, then A4 is globally hyperbolic.
Nevertheless, the global hyperbolicity is in general not sufficient to guarantee the geodesical connectedness, not even for stationary manifolds.
To see this, let's consider the following example. Let M be the 4-dimensional Minkowski space, with Y = Jj the timelike Killing vector field. Take a non convex open subset A of the spacelike surface t = 0, and consider the Cauchy development D{A) of A, which is the set of points p in M such that every past or future pointing, inextendible causal curve through p meets A (see Definition 14.45 of [13] ). The interior of D(A) is non empty, as it contains A, and so by Theorem 14.38 of [13] it is a globally hyperbolic manifold. Nonetheless, it is not geodesically connected, because two points in A cannot joined by any geodesies contained in D(A). Since z n is causal, we can reparameterize each z n and suppose that (z n , Y) -C n is constant for all n.
We can find two sequences of curves x^, x^ : Since x^ is uniformly convergent to 0, by the construction of the map F one sees that:
where £ n is a sequence in R that converges to 0. By taking a re-indexed subseqence, we can assume that J(w n ) < ^. Finally, define w n (s) = w n (ns -k) for 5 E [|, ^J^], where k = 0,1,... , n-1. By construction, it is w n E J\fp, q and J(w n ) < 1. But, by (2) above, w n does not have any uniformly convergent subsequence, contradicting the 1-precompactness of J\f PjP . Hence, M is strongly causal. Now, fix any pair p and q of causally related points in M and consider any sequence z n of future pointing timelike curves in M joining p and q. Since (z ni Y) < 0 everywhere, they can be reparameterized in such a way that (i nj Y) is constant. As J(z n ) < 0, by the pseudo-coercivity {z n } must contain a uniformly convergent subsequence. This implies that M is globally hyperbolic and we are done. Observe also that, in the metric (C.3), the gradient Vt of the coordinate function t is given by: (C.6) Vi-^^fc-l).
A quick computation gives:
(C..7) (Vt, Vt) = -(/?+ (6,5))-1 <0, which says that t is a local time function; moreover (c.8) (vt,y> = i.
